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1. Provided the angles are between 0° and 360°, the arc of the larger angle 
is always longer than that of the smaller angle. However, the same could 
not be said for chords — take the example below: 


2. The chord of the 40°angle forms a triangle with the chords of the two 
constituent 20°angles: 




















The theorem that applies is the triangle inequality theorem, which tells us 
that AC < AB + BC = 2AB, or the length of the chord of the 40° angle 
does not exceed twice that of the 20° angle. 


. Answering this question definitively requires knowledge of the law of cosines; 


we can merely say that, hitherto, no such cases have occurred. 
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1. 


Two sides and their included angle are given; due to the S-A-S congru- 
ence criterion, we know that two triangles with the given information are 
identical. Hence, the triangle is completely determined. 


. If the missing angles are ZA, 


2ZA + 38° = 180° 
ZA=71°. 
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1. 


We are told that the given lengths are of the sides of a right triangle, thus 
statement I applies. If the length of the hypotenuse is x, 


a? = 10? + 24? 


x = 26 units. 


. Again, statement I should be used. If the length of the missing leg is x, 


41? = 9? + x? 


x = 40 units. 


. We can use statement II: 137 = 169 = 12? + 5?, so the sides form a right 


triangle. 


. Using statement I, 


37 =74+2? 
r= V8 = 2\/2 units. 


. Let the length be «x. 














A 





6. The above figure shows that the side opposite the 30° angle — AC in 
AABC — is 1/2. It remains to use the Pythagorean theorem (statement 
1) to find the last side: 


7. Key here is realizing that, by Statement II of the Pythagorean theorem, 
ZAXB is always a right angle. We can then use Thales’ theorem! (or 
rather, its converse) to show that X forms a circle. 


8. Join the points X;, A and B. The condition is fulfilled if we let the constant 
equal AB?, in which case, by statement II, the set of points X would be 
a straight line through B and perpendicular to AB: 


A 














X3 Xo X4 B X4 





1Thales’s theorem states that if A, B, and C are distinct points on a circle where the line 
AC is a diameter, the angle ABC is a right angle. 
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1. We know that a triangle with sides 3, 4, and 5 units is a right triangle: 
374+ 4? = 5”. 
Multiplying by 4 = 2? throughout, 
67 + 87 = 107. 
Therefore, by statement II, these sides form a right triangle. 


3. av? = 87 +15? 


x = 17 units. 



































4, Leg | Leg | Hypotenuse 
12 16 20 
15 20 25 
18 24 30 





5. 10, 24, 26; 15, 36, 39. 


6. (3/5)? + (4/5)? = 9/25 + 16/25 = 1 = 1°, hence, by statement II, it is a 
right triangle. 


7. Divide each side by 3 and 4 to get triangles with sides 1, 4/3, 5/3 and 3/4, 
1, 5/4 respectively. 





















































8. Leg Leg | Hypotenuse 
5 12 13 
5/13 | 12/13 1 
1 12/5 13/5 
5/12 1 13/12 
9. 
B 
1 1 
3 12 5 
A 5 D 9 Cc 


A ABC has the specified sides. 


area(A ABC) 


II 
Qo 
= 


10. (a) Use triangles with sides 15, 20, 25 (scaled 3-4-5 triangle) and 15, 36, 
39 (scaled 5-12-13 triangle): 





























B 
25 15 39 
A 20 D 36 C 
1 
area(A ABC) = a 15 - 56 
= 420. 
(b) 7 
39 
ay 25 
D 20 A C 
36 
1 
area(A ABC) = oe 15-16 
= 120. 
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1. A similar triangle (‘similar’ in the mathematical sense) is pictured in the 
text. Ifthe triangle is scaled down by dividing each side by 1.414213562373. .. 
it will have a hypotenuse equal to 1 and the sides, after some tedious long 
division, can be calculated as approximately 0.707106781. 


2. Hypotenuse = 1/3? + 3? 


= 3V2 units. 


3. The shorter leg is half the hypotenuse: here, it is 5/2 units. The longer 
leg, x, is then 


= ° 3 units. 
4. (a) y=2 
g=V22-2= V3. 
(b) It is known that y = 2”. By the Pythagorean theorem, 
yi =a? +. 
Substituting 2a for y 
Ag? =o? +1 
1 
C=, 
3 
. 2 
y= 5 
1 
(c) t= 5 
Ce 
Yy — ‘| —_— _ — a rc 
2 2 
(d) y= 
a = 82 — 42 = 473. 
(e) e+y=4 
227 = 16 (Co2=y) 
c= V8 =2V2 
y= 2V2. 


(f) 2 = 5 because all sides are equal in a square. 
y= VB Ae =5v3. 
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Converse of Statement III: If a, 6 and c are sides of a triangle and c? < 
a’ + b?, then the angle opposite c is acute. 


Converse of Statement IV: If a, b and c are sides of a triangle and c? > 
a? + 6”, then the angle opposite c is obtuse. 


a) Acute; 8? = 64 < 67+ 77 = 85. 
b) Right; 10? = 100 = 6? +82. 


c) Acute; the hypotenuse from b) shrunk. 


e) Acute; it is a 5-12-13 triangle but with a smaller hypotenuse. 


f 


) 
) 
) 
d) Obtuse; the hypotenuse from b) enlarged. 
) 
) Obtuse; 5-12-13 triangle but with a larger hypotenuse. 
) 


g) Not a triangle since the inequality theorem is not satisfied: 17 = 54 12. 


1 Trigonometric Ratios in a Triangle 
) 
) 
) 
) 
) 
) 
) 
(h) AB = V7? +3? = V58. sina = 7/58. 
) 
) 
) 
) 
) 
) 
) 
) 


3. Here’s a sample 30-60-90 triangle: 


60° 
0.5 











30° 
C B 


BC BC 
sin 60° => AB = —- = BC. 
By the Pythagorean theorem, 
BO? = 1? — (0.5)? 


(sin 60°)? = 0.75. 





The numbers 0.1 — 0.7 can therefore be ruled out, as these will only become 
smaller when squared. 0.8? = 0.64, which also falls short. But 0.9? = 
0.81 > 0.75, so sin 60° must be between 0.8 and 0.9. 
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1. (a) 
sina = — 
Cc 
: b 
sina = - 
Cc 
c 
(c) 
a cae 
sina = = 
b 
a 
Pp q 
c 


2. 


( 
( 
( 


(c 
d) h=asin@ > area(AABC) = hc/2 = ac(sin £) /2. 


b 


(e 


( 
( 


b 


(c 


( 


d 


) 
) 
) 
) 
) 


) 
) 
) 
) 


a) sina =h/b 


h = bsina 


area(A ABC) = bc(sin a) /2 








bsina =h=asin§. 


Using the diagram in e), csin 8 = h’ = bsiny. 


sin 6 = — 
c 


h’ =csin B. 


a) From a), h = bsina. From d) h = asin §. 

















b sj 
area(A ABC) = > 
_ casin B 
ae 
_ acsin B 
re 
_ absiny 
aay 
/, cbsina = acsin 6 = absiny 
sina  sinf _ siny 
Gh ee 
Gao = OS» 2-0 
sna sinB siny 


(.° h = bsina) 


(dividing by abc) 


(taking the reciprocal) 
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3. (a) cS 
a b 
cosa = — 
TI 
p qd 
Cc 
cosa = — 
é 
(c) 
cosa = — 
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1. 29° + 61° = 90°, so using the aforementioned theorem, sin 29° = cos 61° 


2. Using the (converse of the) theorem, 35° + « = 90° = > & = 55°. 
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1. 16/25 
2. 9/25 

. 9/25 

. 16/25 

1 

. 32/25 


. 18/25 


10 


Page 30 


1 i 
. S = 
In a 5 
toa 
5 
AN?! fa\4 
Stn 2 De Poe ice 
.. sin* @ + cos a= (3) +(3) 
16 9 


35 25 
2. No; statement II of the Pythagorean theorem ensures that the angle op- 
posite side measuring 5 is 90°. 


3. Substitute sin @ and cos G6 for cosa and sina respectively in part 1. to get 








the result. 
4. 
13 
5 
12 
12 
cos @ = — 
13 
5. 
25 276 
cosa = V1—sin?a = as Ne (sin? a + cos? a = 1) 
6. sin? a + cosa = 1 
sin? a+ sin? 6 =1 (. sina = cos 8 if a+ 8 = 90°) 
7. sin? a + cos? a = 1 
cos” 8 + cos? a = 1 (sina = cos 8 if a+ 8 = 90°) 
Page 31 
1. angle x | sina | cosx 








30° 1/2 | V3/2 

45° V2/2 | /2/2 
60° V3/2| 1/2 
a 4/5. | 375 
B 315°) | 475 
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1. While a approaches 90°, its complement (call it G) goes to 0°. The side 
opposite @ is shrinking and approaching 0. No matter the length of the 
hypotenuse, then, the ratio of the opposite side to it will be 0, conducing 
to the definition sin 0° = 0. 


Page 33 


1. 
sin 0° + cos 0° O+1 1 





sin 30° + cos 30° 1.366 (approximately) 





sin 45° + cos 45° 1.414 (approximately) 





sin 60° + cos 60° 1.366 (approximately) 


sin 90° + cos 90° +0 1 








sina + cosa, where a 
is the smaller acute 
angle in a 3-4-5 right 
triangle 





3.4 
is 1.4 
5 5 





sina + cosa, where @ 
is the larger acute an- 
gle in a 3-4-5 right tri- 
angle 


4 3 
SS 1.4 
as 


2. Both sina and cosa@ must equal one if their sum is to be 2. But sina = 1 
only if a = 90° and then cosa = 0. Similarly, cosa = 1 only if a = 0° 
which means sina = 0. Therefore, the sum of sina + cosa < 2. 


3. The expression 2sinacosa is always positive, and hence has a minimum 
value of 0. Hence, 1+ 2sinacosa is at least 1: 


(sina + cosa)? >1 


-. sina + cos a@ > V1 =1. 


4. The table in 1. tells us that a = 45°. 
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1. 
(sin 0°) (cos 0°) 0-1 0 
1 v3 
(sin 30°) (cos 30°) 5 us 0.433 (approximately) 
2 V2 
sin 45° + cos 45° ue : se 0.5 (approximately) 
3 1 
sin 60° + cos 60° se aS 0.433 (approximately) 
sin 90° + cos 90° 1-0 0 
sin a+cos a, where a is ; 
the smaller acute angle 55 0.48 
in a 3-4-5 right triangle 
sin a+cos a, where a is 4 3 
the larger acute angle 55 0.48 
in a 3-4-5 right triangle 
Page 39 
b 
6. — = sin =cosa 
c 
; = tana = cot 8 
b 
— = tan =cota 
a 
tes 
B 
JETP = 2 
a 
C 1 A 
bE .< WV/2 
cosa = —= = —. 
J2 2 
ta= ; =1 
cobas a = 


8. The legs of the above triangle are equal and the acute angles must be 
equal as well, hence a = 45°. It follows that tana = tan 45° = 1. 
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B 
1 2 
30° 
C V3 A 
tan 30° = ot. — v3 
af Bo a 


10. From the above figure, sin 30° = 1/2 and tan45° is known to be 1. Hence, 
tan 45° + sin 30° = 1.5. 


2 Relations among Trigonometric Ratios 
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5. Using the figures on page 44, 























sin @ cos a tana cot a 

sina a 1-a? if a 
Via oa 
cosa vV1l-—a? a aa . 

a V1—a 
tana i : a : 
Vl+a? V1+éa? a 
cota ! = a 

Vl+a V1+a? a 

















3 
ee 
ee tana _ V3 Z 
V1+tan?a l ae \2 2 
ed) 
1 i V3 
cosa = — — . 











; cosxz\ , 
cotxsing = : sin xz = cos2z. 
sin x 

tanx sinx/cosx 1 
sing sing cosz’ 


cos” a — sin? a = cos? a — (1 — cos? a@) = 2cos? a — 1. 











sina 1—cosa _ sina(1—cosa) 
l+cosa 1—cosa 1 — cos? a 
_ sina(1 — cosa) 
sin? a 
_ 1l-—cosa 
sina 7 


sin?a+2cos?a—1 (sin? a+ cos? a) + cos? a—1 





cot? a cot? a 
cos? a 


~ cos? a/ sin? a 
= sin? a. 
1 1 
RHS = a 
1+tan?a 1+ (sin? a/ cos? a) 


cos? a 





cos? a + sin? a 
= cos? a. 


RHS = 1 sin? a 





cotza+1  costa+sin-a 
= sin’ a. 
Rue = sin? a ae cos? a 
(1+ cosa)? (1+ cosa)? 


(1 — cos a)(1 + cosa) 








(1 + cos a)? 
7 1—cosa 
~ 14+ cosa’ 
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sin?’a—cos?a (sina — cosa)(sin? a + sina cos a + cos? a) 


(i) = 


sina — cosa sin @ — cosa@ 





=1+sinacosa. 
6. (a) sin’ a — cos* a > sin? a — cos? a 
(sin? a — cos” a)(sin? + cos” a) > sin? a — cos” a 


sin? a — cos” a > sin? a — cos” a, 
which is impossible. 
(b) This is true for all a. 








7. 2sina cosa = 2( ue ) ( s ) 
V1 + tan? a V1 + tan? a 
=2/ 2/5 ) 
1+ (2/5)? 
20 
~ 29 
8. (a) cos” a — sin? a = 2cos? a — 1 





-2(Faiae) ; 
-1(r)~ 














es 
29° 
(b) 2 _1-r 
14+r? ~ 14 r2 
9. sina—2cosa 1/cosa _ sina. _ 2 
cosa — 3sina 1/cosa 1-—3(222) 
i tana — 2 
~ 1-3tana 
_ Q/s)-2 _, 
~ 1-3(2/5) 
10. asina+bcosa 1/cosa  atana+b 





ccosa + dsina 1/cosa c+dtana 
a(2/5)+b  2a+5b 
e+d(2/5)  5cet+2d° 








2, 5, a, b, c, and d are rational numbers, and the quotient of two rational 
numbers (when the denominator isn’t 0) is a rational number. 


11. The expression simplifies to 2, so the answer is all values of a. 
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1. (a) tan acsca = seca 


1 1 
—=> tana ( - ) = : 
sin a COS @ 








(b) cot aseca = csca 








1 
— cota ( ) =— : 
cos a sina 


1 
(c) ( ) csca = cota 
sec a 


1 
—> cosa ( ) = cota. 

















sina 
(d) tan” a = (seca + 1)(seca — 1) 
1 1 
= tanta =( +1) ( 1) 
COs @ cos a 
1 
<> tan?a= 1 1— ; 
an“ a costa’ + cos a)(1 — cosa) 
(e) esc? a = 1+ cot? a 
1 
=—= hOTS = 1+ cot? a. 
sin’ a 
2s. a} tana —s 








sin a COS @ 
<—> tanacsca = seca. 





; cosa = cota 
sina 


<— _~cscacosa = cota. 


1 


cos? a 
<> tan?a+1=sec?a. 


(c) tan?a+1= 





(d) 1 
sin? a 


csc? a = 1+ cot? a. 


=1+cot?a 
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ae a” + b? = (cos* a — sin? a)? + (2sinacosa)? 


= cos* a — 2sin? acos? a + sin* a 


2 


+ Asin? a cos? a 


= costa + 2sin? acos?a+sin*a 





= (cos? a + sin? a)? 
= placa bs 
Therefore, by the theorem/lemma just mentioned, there exists a 6 such 
that cos? = a and sin@ = b. (The a < 45° requirement is to ensure that 
a is not negative, a constraint that applies no more when it is squared.) 
7. (p? + 9°)? = p* + 2p*q? + q* 
= p! — 2p2q? + qt + 4p2¢? 
= (p? — q°)? + (2pq)’. 





The LHS is equal to 1, and so is the RHS. 
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1. sina<1 <> 1-sina>l. 


We have equality when a@ = 90° which, incidentally, fit the criterion ”a@ is 
an acute angle”. 


5. sina <1 cosa <1 
“.sina+cosa<1+1=2. 


Answer. b) is correct. 
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1. 
A 
72° 9 
B C 
BC A 

sin 72° = ae COs 72° = ~ 

9- 0.9511 = 8.5595 = BC 9 - 0.3090 = 2.7812 = AC. 
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C 
B 
7 
a 
A 10 B 
7 10 
AC = \/7? + 10? a = arctan i0 8 = arctan 7 
= 12.22. = 34.99°. = 55.01°. 
3. 
C 
a. : 
[| 
A B 
AB AC 
oo = = 2 2 3c 2 ta 
cot 27 3 ZACB = 90 7 csc 27 a 
AB = 23.5513. = 63°. AC = 26.4323. 
Page 60 
3. 





The diagram suggests that, if 6 > 6, then BP’ > BP, but BP’ = 
ABsing = sing and BP = ABsiné = sind, hence ¢ > @ indicates 
that sing > sin. 
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Nf 
If the angle opposite the side measuring 6 is @ and the radius of the 
circumcircle is rT, 








sina = — => 2r= Be 
sin a 
A 
P <a B 
C 


By the inscribed angle theorem (proved in the appendix to this chapter), 
AB = 2a. Then AC = 4a and, by the same theorem, 6 = 5 AC = 2a. 
AB BC AC 


— = — =AB=B8B in2a = — =AC. 
2r 2r . aa 2r C 





sina 
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10. 


By the triangle inequality theorem, 


AC < AB+ BC =2AB 


sin2a < 2sina. 


. Supposing the chord measures / units, 


ah nt SOs. 
sin 60 ua eee (7 
l= 5v3. 


. The inscribed angle theorem tells us that the inscribed angle intercepting 


this chord (measuring / units) will be of 30°. 


1 1 
in30° = = = — 
sin 5) 


[=5. 
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The arc intercepted by ZBAD is BCD which hence has degree-measure 
2a, and similarly BAD = 27BCD = 28. 
But BCD + BAD = 360° = 2a + 26, therefore a + 6 = 180°. 
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1. From the previous theorem, we know that the degree-measure of the an- 
gle subtended by AB at the centre of the circle through A, B and P, i.e. 
ZAOB, should be 120°, twice that of ZAPB = 60°. 





The answer is: all points on the circumcircle of AAOB which lie on the 
same side of AB as O. 


2. All points on the circle with diameter AB, apart from A and B themselves. 
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3. In the first case, ZAPB is an exterior angle of AAQP and is equal to 
ZPQA+ ZPAQ. Therefore ZAPB =a > ZPQA. 


A similar argument shows that, in the second case, ZARB, which is an 
exterior angle of AAPR, is greater than ZAPR=a. 


4. In Exercise 3, a is also LAB . If the vertex of the given angle is outside or 
inside the circle of arc AB, then the results of Exercise 3 tell us that the 
angle cannot be a — a contradiction. Hence the vertex must lie on the 


circle of arc AB. 
A ga B 


P 
The result of exercise 3 on page 64 assures us that @ and a are supple- 
mentary, hence @ = 180° — a. 


3 Relationships in a Triangle 
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Data Determine a triangle? Restrictions? 
1 ABa Yes ZA+ZB < 180° 
2 ABb Yes Same as 1 
3. ABc Yes Same as 1 
4 AbC Yes ZA+ZC < 180° 
5 ABC No - 
6 Abc Yes None 
7 Boe No 2 
8 Chobe No - 
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Page 70 








3. 

A 

c 
b= hg 
B of 

B C 

ha = bsiny = bsin 90° = b. 
4. 





1 1 
Ar(APQR) = 5th = 3 sin 30° = 30. 
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Page 71 














A 
sina = h,/c siny = h,/a 
hy = csina hy = asiny 
sina = h./b sin(180° — 6) = h,/a 
h. = bsina he = asin(180° — 8) = asin £. 
Page 73 
2: 
A 
60° 
2 
1 
30° 
B Ret C 
a V3 
yey 
sin60° 3/2 
b 1 
Te FS a 2, 
sin 30° 1/2 
pla ly 21 ee 
sin 90° 1 
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3. (a) 10 x y 


sin(180° — (50° +70°))  sin50° sin 70°” 
sin 50° sin 70° 
John 8. =1 x 10.9. 
oes or) moe oY (Sr) ee 
(b) 10 x y 


sin(180° — (65° +55°))  sin55° sin 65° 


sin 55° sin 65° 
e=10 (==) ~9.46, y=10 (=>) ww 10.5. 




















4. As the equations relating altitudes to sides and sines of angles were used 
in deriving the Law of Sines, and because these equations hold for obtuse- 
angled triangles (see Exercise 1 on Page 71), we can safely say that the 
law of sines holds for this type of triangle as well. 








sin 50° sina 
sina 0.958 
a & sin” * (0.958) & 73.2°. 
“. 8 & 180° — (73.2° + 50°) = 56.8°. 


7. sin 180° — 0 has been defined to be equal to sin@. Hence, in the previous 
answer, a could also be 180° — 73.2° = 106.8° in which case 6 would be 
23.2°. 


8. a would form a chord of the circle and we know that the sine of its in- 
tercept angle A, i.e. sin A = a/2R. The complete equality follows some 
rearrangement and application of the Law of Sines. 


3.1 Page 75 
10 
1. R= —— =—_ = 20 
sina sin 30° 
R= 10. 
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2. 2R= aoe. = 
sin 90° 
R=4. 
The converse of Thales theorem states that the circumcenter of a right 


triangle lies on its hypotenuse. Hence the circumradius will be half of the 
length of the hypotenuse, and 4 units in this case. 


1. S= ; -8-11sin 40° © 56.6 unit?. 
3. S = 40 = 5 -6- ACsin40° 
AC = 20.7. 
4. $=9=5.5-6sinZP 
sin ZP = 0.6 


ZP = sin' 0.6 © 36.9°. 
But sin(180°—@) = sin 0, so another possible value for ZP is 180° —36.9° = 
143.1°. 


5. (Challenge) Suppose a is greater than b, then a will form the hypotenuse 
in this right triangle. 


B a C 
By the RHS congruence criterion, this triangle is unique (it’s ’found’). 
By the Pythagorean theorem, 


c= Vb? —-a? 
1 
LS go b? — a?. 


6. Substitute « for both a and 6 in the previous answer to get that the largest 
area is 27/2. 





The area of ACBD is $absinZC. But AABD ~ ACBD (by the SSS 
criterion), hence the area of the parallelogram is absin ZC. 

Whatever angle we pick, the sides containing it will always measure a and 
b, so the choice of angle doesn’t matter. 





Area(ABCD) = Area(ABC) + Area(ADC) 
= SAC x BM + SAC x DN 


= 5AC(BM + DN) 


= SAC(OB x sin@ + OD x sin 6) 


= SAC BD x sin 
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D 
A 
Area(ABCD) = Area(ABC) + Area(ADC) 
= AC x BM + 5AC x DN 
= lic x BD. 
2 
10. Area(ADE) _ 3AD x AEsin ZDAE 
Area(ABC)  4AB x AC sin ZDAE 
4x6 | 
~ 8x10 
i 
C B 
: a 
7 ae 
Bs D 
A 


Area(APB) x Area(CPD) = (5aP x BP x sin 0) x (Scr x PD x sin 0) 


= (SAP x PD x sind) x (Sar x CP x sind 


= Area(APD) x Area(BPC). 
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12. 








A D Cc B 


c=AD+DB=bcosA+acosB 





c= BD— AD =acos B — bcos(180° — A) 


In section 9, this result will simplify to acos B + bcos A. 
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3. The Law of Cosines gives us the missing side. 


e From the Law of Sines, we can calculate the sine of the smaller miss- 
ing angle (this is guaranteed to be acute), and thereby the angle 
itself. 


e The remaining angle can be found by applying the Angle Sum Prop- 
erty. 
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C 
7 6 
From the Law of Cosines, 
10? + 7? — 6? 
A= —___ 
ie 2x10x7 
113 
A=cos—! | —— } & 36.2°. 
cos (=a) 36 
Using the Law of Sines, 
ios i 7xsinA 
6 
Beat (7 x sin 6.1828 ’) ~ 43.5°, 


so that ZC % 180° — (36.2° + 43.5°) = 100.3°. 


6. As you may have guessed, the angle does not matter; to see why, let’s 
choose an arbitrary 0. 





C 








By the Law of Cosines, 


BD? + AC? = 37 +107 -2x 3x 10cos0 
+3? + 10? — 2 x 3 x 10.cos(180° — @) 
= 218 — 60cos@ + 60 cos 0 
= 218. 


7. This is a generalization of the preceding problem. 
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Using the result of the previous problem, 


BC? + AD? = 2AC? + 2AB? 
4AM? = 2AC? + 2AB? — BC?. 





10. 


D 


Considering the four triangles AOB, BOC, COD, and AOD, and the defi- 
nition of cosine for obtuse angles (here, we shall consider 7BOC' and ZAOD 
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to be the obtuse angles; at any rate, there will be two of them, excepting 
when @ = 90° in which case problem 6 applies), we write out the following 
expressions for each of the sides: 

AB? = AO? + BO? — 2AO x BO cos@ 

BC? = CO? + BO? +2CO x BO cosé 

CD? = CO? + DO? — 2CO x DO cos 

DA? = AO? + DO? + 2AO x DO cos 8 











If the sum of squared sides is denoted by S, then 


S = 2(AO? + BO? + CO? + DO”) — 2cos@(CO — AO)(DO — BO). 
(1) 





Concentrating on the first term, we find that 


AO? = (AM — OM)? = AM? + OM? — 2AM x OM 
CO? = (CM + OM)? = AM?+0M?+2AM x OM 
2 AO? + CO? = 2AM? + 20M?. 
Similarly, 
BO? + DO? = 2BN? + 20N". 
Finally, 
2(AO? + BO? + CO? + DO?) = 4AM? + 4BN? + 40M? + 40N? 
= AC? + BD? + 40M? + 40ON?. 


(CM = AM) 





(2) 


Because CO — AO = CM + OM — AM +OM = 20M and, similarly, 
DO — BO =20N, 


2cos 6(CO — AO)(DO — BO) = 8cos@ x OM x ON. (3) 
Combining (1), (2) and (3), 


S = AC? + BD? + 40M? + 40N? — 8cos0 x OM x ON 
= AC? + BD? + 4(OM? + ON? — 20M x ON cos 6) 
= AC? + BD? +4MN? 
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13. 


120° 


\ 
\ 
\ 
\ 





x = \/602 + 40? + 60 x 40 (Problem 12) 
~ 87.18 miles 

y = 402 + 202 + 40 x 20 
= 52.92 miles 

z = \/20? + 602 + 20 x 60 
~ 72.11 miles 














The diagram after 2 hours will be the above scaled by a factor of 2, thus 
the distance between a pair of riders will be twice that after 1 hour. 
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1. 








A 5 B B 5 A 


2. Let’s start off with any triangle ABC. If its mirror image, AA’B’C’ be 
rotated about the point C’ and translated so that C’ and C, and ZACB 
and ZB’C’A coincide, 


A / 


B' B 


the points A and B can coincide with B’ and B respectively only if CA = 
CB' =CB=CA’, so the original triangle must be isosceles. 
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1. The formulas follow from a straightforward substitution of bc/2 for S. 


2. Because sina = 2S/bc, we have bc = 2S/sina, and consequently, 





2 
aot +2 = 


) cosa = a? +b? — 4S cota. 
sin @ 
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1. (a) Both sides of the equation have a quantity with dimension length, 
divided by a dimensionless quantity (the sine of an angle), which 
gives a quantity of dimension length. 


(b) a/b is a ratio of two lengths, and so has dimension 0, while sin a/ sin 6 
is a ratio of two dimensionless quantities, which is also dimensionless. 


(c) S has dimension length squared. On the right side, the product bc has 
dimension length times length which is unchanged when multiplied 
by the dimensionless quantities 1/2 and sin y. 


(d) c? has dimension length squared. On the right side, a similar argu- 
ment as in c) can be used to show that 2abcosy has dimension length 
squared; so do a? and b?, and the sum of quantities with the same 
dimension preserve that dimension. 
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4 Angles and Rotations 
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1. (a) 


wa 


Ne 





The 30-60-90 triangle formed shows that P has the coordinates 
8, 3), hence sin 390° = 3. 

Methodically tracing out each rotation on the circle to get to 3720° 
would require an unreasonable amount of time and effort; the key is 
to recognize that the triangle you base your calculations on will de- 
pend on the remainder from dividing 360° into 3720°, which is 120°. 





P has the coordinates (— cos 60°, sin 60°) = (—4, v3), therefore 
cos 3720° = —5. 


The remainder from dividing 360° into 1845° is 45°; hopefully, we 
can confidently forego the aid of the triangle by now to say that 
tan1845° = tan45° = 1. 
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(d) Rotating through 315°, we will reach a point P on the unit circle 
where rotating counter-clockwise through (360° — 315° =) 45° more 
would find us back on the starting point (1,0); hence rotating clock- 
wise through 45° (i.e. an angle of —45°) will get us to point P all 











the same. 
-.sin315° = sin —45° = ae 
(e) cot 420° = cot(420° — 360°) = C0880" _ 1 
sin60° 3 
eee 
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1. (a) 0° < 400° — 360° = 40° < 90°, so the point P will lie in quadrant I. 


(b) 3600° is divisible by 360°, so P lies on the positive x-axis (the point 
(1,0), to be precise). 


0° < 1845° — 5 x 360° = 45° < 90°; P lies in quadrant I. 

Quadrant IV. 

—359° + 360° = 1°; quadrant I. 

The y-coordinate of point P is 0; equivalently, P lies on the z-axis, 
and this occurs when a = 180°. 

(b) P lies on the y-axis, so a = 90° or 270°. 

(c) P lies on the positive y-axis, so a = 90°. 


(d) P lies on the positive x-axis, but there are no solutions here in the 
interval (0°, 360°). 


(e) P lies on the negative y-axis, so a = 270°. 
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From the geometry of the 30-60-90 triangle, we see that a = 60° or 
360° — 60° = 300°. 


(g) 





a = 180° + 30° = 210° or a = 360° — 30° = 330°. 





a = 45°, 135°, 225°, or 315°. 
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(i) cosa is not a real number, as its square is equal to a negative. 


4. (a) 
ae > ” 


Because sina is positive, @ can lie in quadrants I or Il. We know 
from our knowledge of 5-12-13 triangles that the «-coordinate can 
be either 12 or —12, so that cosa = = or —=4. 


5. Take the point (b,a): we know that it lies on the unit circle because the 
distance between it and the origin, 


/(b— 0)? + (a—0)?? =V1=1. 





Thus @ is the angle through which the point P starting at (1,0) is rotated 
so that it lies on (6, a). 
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1. (a) Even 
f(-a2) = (—2)® — (-2)? +7 = 2° — 2? +7= f(a) 
(b) Odd 





(c) Neither 





(d) Even 














f(—a) = csc(—x) = neo ee re cscaz = —f(x) 
(f) Odd 
f(—«) = 2sin(—2) cos(—x) = 2(—sinx) cosx = — f(z). 
(g) Even ; ; 
f(—x) = (sin(—x))° = (— sinaz)* = sin? x = f(z). 
(h) Even 


f(-#) = (cos(—2))” = (cos x)’ = f(a). 
(i) Even; f(a) = 1 regardless of x. 


2. g is an even function because 








Moreover, 





3. (a) Your work is already done! 
f(x) = (22 +2) + (241). 


— 
og 
wa 





and the odd part is 


(d) The even part is 





1/l-sing 1+sing 
ght) 2 a | i! 
= 1+sin? « 
~ L=sin? a’ 


and the odd part is 











1/l-sinx 1+sinz 
h(a) = : : 
2\l+sinzx 1 -sinz 
_ —2sina 
~ 1=sin? x’ 
(e) The even part is 
es 1 1 cs 1 
ES ON pe. ap 
Sat ie 
A= 2? 
and the odd part is 
1 1 1 
A(z) = 
2\a+2 —-x%+2 
> ee 
 g2—4 
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1. We know that radian measure is proportional to degree measure. Because 
an angle of 360° is 27 radians and half the degree measure is half the 
radian measure, an angle of 180° measures 7 radians. Similarly, quartering 
preserves the ratio, so an angle of 90° measures 7/2 radians. 











2. degrees x _ 180° 

radians 2 7 
C= g0u = 115°. 
T 

3. 1/2. 

4. 1/4. 

5. 

Degree measure Radian measure 

90 1/2 
180 T 
270 37/2 
360 20 
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8. 
9. 


10. 


11. 


Degree measure Radian measure 








0 0 
30 n/6 
120 2n/3 
135 30/4 
30 n/6 
36 n/5 
45 m/4 
60 n/3 
120 2n/3 
126 7/10 
198 117/10 
210 7x/6 
216 6n/5 
225 5m /4 
240 Ar /3 
198 117/10 
200 1077/9 
210 7/6 
216 6/5 
205 5m /4 
240 Ar /3 
> .. TWradians T . 
ile 3 130° 180 radians. 
(a) & 0.84; (b) = 0.017. 

a (in radian) sina cos @ 
n/6 1/2 V3/2 
n/3 V3/2 1/2 
m/2 1 0 
27/3 V3/2 —1/2 
71/6 -1/2 —/3/2 
5/4 —V2/2 —/2/2 
3/2 —1 0 
1171/6 “Ty2.  4/3/2 


In a circle of radius 1 units, an angle of x radians cuts off an arc of x units; 
this follows from the definition of radian measure. 


In a circle of radius 3 units, an anglel of x radians cuts off an arc of 3x 
units. 
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12. The equation implies that a is the complement of 7/9. In radian measure, 
90° is 1/2. 
70 


T 
9° 18° 


T 
Lass 
2 


13. They are equal. 
: Ai ae 


We ee 


The triangles are equilateral, hence AB = OB. By the definition of radian 
measure, ZAOB which measures 60° is, in radians, 
AB units AB units 
OB units - OB units 


14. 


= 1 radian. 
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1. 5 radians. 
2. 5 x 180°/m = 286.5°. 
3. 4 feet. 


4. The circle covers 27 feet in a rotation, so by rotating through an angle of 
120° (i.e. } of a rotation) it covers $ x 2m © 2.09 feet. 


3 

5. 1/2; 1/2; a. 

6. (a) An angle of 720° = 2 x 360° is 2 x 2a = 47 radians. 
(b) An angle of 1440° = 4 x 360° is 4 x 27 = 87m radians. 
(c) An angle of 3600° is 207 radians. 
(d) An angle of 15120 = 42 x 360° is 847 radians. 
(e) An angle of 127 = 6 x 27 radians is 6 x 360° = 2160°. 
(f) An angle of 157 radians is 15a x 180°/m = 2700°. 
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10. 
11. 
12. 
13. 


14. 


15. 


17. 


18. 


19. 
20. 


(g) An angle of 1007 is 50 x 360° = 18000°. 


. 8/2; 87/2; 3a. 
. 45, 
. If the length of the arc is D, 


80° D D 


360° 2rr ~~) «107 


D= an = 6.98 units. 





3/2 radians. 
1/3 radians. 
20/7 radians. 
If the distance travelled is D, 
150° D D 


360° ia Qnr 167 


D= a x 20.94 units. 





The arc traced out by the hour hand in one hour is 5 of the circumference 
of the clock, so its length is a x 2ar = %. The ratio of this to the radius 
is ¢- But the hour hand travels in a clockwise direction, so the angle 
through which it rotates in one hour is —¢. 

The minute hand completes a rotation (but clockwise), which is —27 radi- 
ans or —360°, while the second hand completes 60 rotations, so the angle 


through which it rotates is —1207 or —21600°. 


In one rotation, the tip of the hour hand travels 27r = 27 inches, so 1000 
inches correspond to 1000/27 ~ 159.16 rotations. Since each rotation 
takes 1 hour to complete, the hour hand takes 159.16 hours for its tip to 
travel 1000 inches. 


A rotation through an angle of 1000 radians is 1000/27 = 159.16 rotations, 
so this takes 159.16 hours again. 


27m and 7 radians respectively. 


(a) The distance between successive blue marks should be the circum- 
ference of the wheel, which is 27 meters. 


(b) An angle of 27 radians, or 360°. 
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(c) 


This depends on the distance between the wheel and the nearest red 
mark at the beginning. Let’s assume that this distance is d meters, 
where d is a rational number. If the blue marks coincide with the red 
marks, then for some non-negative integers m and n, 


2am —d=3n 
- 3n+d 





2m 


But 7 is an irrational number, while the expression on the right side 
is rational, so we arrive at a contradiction. Our results may have 
been different were d not rational. (If d were a multiple of 27, for 
instance, then the first red mark (n = 0) would have a blue mark, 
and the subsequent red marks would not have any.) 


After 100 rotations, the wheel will have travelled 2007 = 628.31 
meters. The integral multiple of 3 that is closest to but less than 
628.31 is 627, so that the blue dot in question falls between the 
627/3 = 209» and 210 red dots. The blue dot is also 628.31—627 = 
1.31 meters away from the 209*" red dot. The first and second pink 
dots are 3/4 = 0.75 1.5 meters away from this red dot respectively, 
so the blue dot on the 100 rotation falls between these two dots, 
i.e. in the second subsection. 
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5. (a) 


The approximation outlined in question 3 gives the value 


: 0.13 
sinz + 0.1 — Ee = 0.0998333... 


The real value is approximately 0.0998334, so you would need to get 
to the sixth significant figure to see a difference. 

Converting 0.1° to radian measure gives 0.1 x 7/180° = 1.74533 x 
10-°. Given that this number is smaller, we might expect the ap- 
proximation to be better: 


LASS aK 10-2 
6 


But, it so happens that sin 1.74533 x 107° & 1.74533 x 107%, which 
is closer to the simpler approximation of sinz = x — the shape of 
the graph of sinz in the upcoming section can provide a reason why. 


sin x & 1.74533 x 1073 w 1.45444 x 107°. 





8. The number 1.5707 appears to be close to 7/2, hence 7/2 — 1.5707 should 
be close to 0. Since cosx = sina/2 — «x, we can equivalently show that 
sin(7/2 — 1.5707) = sin(9.6327 x 10~°) < 0.0001. 

To proceed, the inequality sina < x, if 0 < a < 7/2, will come in handy. 
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ZUIS 











O 1 


This is evident from the above figure of the unit circle; if x is the angle 
measured in radians, then the arc length is x, which is greater than sin x. 


-. sin(1/2— 1.5707) © sin(9.6327 x 107°) < 9.6327 x 107° < 0.0001. 
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1. (a) 77/5 falls between 7 and 27, and we see from the graph that in this 
range the sine function is negative. To estimate it, let’s use x-values 
close to 77/5 for which we know the value of sin z: 








git oot 
a ee 
4 3 7 3 
“sin = VS sin ™ > sin 3 = i 


We can use the mean 

















of these endpoints for a better of estimate: 


7  —V¥3/2+(-1) 
5 2 





sin 


2 
— ~ —0.93, 


AT 


Oo Oo Nn FD OH 


which is not very far away from the actual value, + —0.95. 


Radian Measure 

The Addition Formulas 
Trigonometric Identities 

Graphs of Trigonometric Functions 


Inverse Functions and Trigonometric Equa- 
tions 
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